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Abstract — The self-similar two-dimensional steady boundary-layer flow induced by a permeable surface stretching withglocity: A - x™ in

a quiescent fluid in the presence of suction or injection with velogjtyx) = a - xm=1/2 is considered fort > 0 andm > —1. The exact analytic
solutions of this problem are given far = —1/3 andm = —1/2 and the mechanical characteristics of the corresponding flows are discussed in detail.
Boundary layers of the same thickness corresponding to different lateral mass fluxes are described. It is shown that to the smallest entratgment veloc
there corresponds a vanishing skin friction, i.e. a ‘dragless motion’ of the fluid. The exact results are also compared with the results of #le analytic
approximations reported recently by other authors (in a physically different but mathematically identical context) in this [b2@@D Editions
scientifiqgues et médicales Elsevier SAS
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1. Introduction

Owing to their numerous applications in industrial manufacturing processes, the problems of heat and
mass transfer in two-dimensional boundary layers on continuous stretching surfaces, moving in an otherwise
quiescent fluid medium, have attracted considerable attention during the last few decades. Examples of such
technological processes are hot rolling, wire drawing, glass-fiber and paper production, drawing of plastic
films, metal and polymer extrusion and metal spinning. Both the kinematics of stretching and the simultaneous
heating or cooling during such processes have a decisive influence on the quality of the final products.

Following the pioneering works of Sakiadis [1], a rapidly increasing number of papers investigating
different aspects of this problem have been published. The great majority of the theoretical investigations
in this field describe the heat and mass flow in the vicinity of the continuous stretching surface with the
aid of similarity solutions of the two-dimensional boundary layer equations. An important feature of the
corresponding boundary value problem is that it always splits into an independent flow-boundary value problem
and a forced thermal convection problem. Except for exponentially stretching surfaces [2], the kinematic driving
conditions of the real processes are modeled in most cases by different power-law variations of the stretching
velocity U,,(x) = A - x™. The stretching surface is considered either as an impermeable [1-6] or as a permeable
one [7-11] with a lateral mass flux of velocity, (x) = a - x"~1/2 wherea < 0 corresponds to the suction
anda > 0 to the injection of the fluid. As shown by Banks [4], in the rangk< m < —1/2 of the stretching
exponent the flow boundary value problem (and thus also the heat transfer problem) does not admit similarity
solutions if the wall is impermeablé: = 0). More recently, in a physically different but mathematically
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identical context, Chaudhary et al. [12] have proved, however, thatIo€ mq(a) < m the similarity solutions
also exist if suctiona < 0) is present. In this caseq(a) — —1/2 asa — 0 andmg(a) — —1 as|a| — oo.
The present paper shows thatik 0, the similarity solution also persists far= —1/2. The proof is given by
deducing the corresponding exact solution (in an implicit analytic form).

The patrticular cases = 1 andm = —1/3 have also attracted special attention in the past. The first case
is exactly solvable for both impermealji 5] and permeablg8, 9] stretching surfaces (with or without heat
transfer) as well. Fonn = —1/3, the exact solution of the flow problem [4] and of the heat transfer problem [6]
have been reported until now only for the impermeable case 0). The present paper gives the solution of
this flow boundary value problem also for the permeable Gas€0) in an exact analytic form. The mechanical
characteristics of the self-similar flows with= —1/2 andm = —1/3 are then discussed in detail. Some new
physical aspects of these flow problems are pointed out. Finally, we take the opportunity to compare the exact
solutions (corresponding to the cases- 1, m = —1/3, andm = —1/2) to analytical approximations reported
recently by Chaudhary et al. in a physically different but mathematically identical context [12].

2. Basic equations

The steady velocity-boundary layer on a permeable plane wall, stretching with velQcityU,, (x) in a
quiescent incompressible fluid of constant temperature is governed in the boundary layer approximation by
equations:

] ad
_M+_U — 0’
dx  dJy (1)
ou ou 0%u
U—+v— =v—

0x dy dy2’

accompanied by the boundary conditions:
u(x,00=U,(x),  ux,00=0,  v(x,0) =V,(x). 2

The x-axis is directed along the continuous stretching surface and points in the direction of motignraXise

is perpendicular ta and to the direction of the slot{axis) from where the continuous stretching plane surface
issuesu andv are thex andy components of the velocity field of the steady boundary flow, respectively.
denotes the kinamatic viscosity of the ambient fluid and will be assumed constant.

For power-law boundary conditions the present problem bears a close resemblance to the classical wedge-
flow problems described by the Falkner—-Skan equation (for the latter see e-glg)3with two essential
differences which consist in (a) the absence of the pressure gradient term in the momentum equation and (b) in
the boundary conditions (2). Nevertheless, the general functional structure of the similarity solutions is in both
cases the same and is given by:

ux,y) = A-x" f'(n),

204 \ Y2 +1 —1
_(mil) L m=D/2 {mTf(ﬂ)erTﬂ'f’(n) , 3)

[m + DA/ 2v)] Y%y xm D72,

v(x,y)

n
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where the dimensionless stream functitfy) satisfies the ordinary differential equation

2m

f///+f'f//_m—+1'f/2:0' (4)

In the above equationd andm are real quantitiesA > 0, m > —1) and the prime denotes a derivative with
respect to the similarity variable The wall-boundary conditions (2) satisfied by the velocity field (3) are:

Uy(x) = Ax" - f1(0),

5
Vo(x) = —[vAGm +1)/2)Y2. (5)

x(m—l)/z X f(o) =q- x(m—l)/Z.
The dimensionless stream functigiin) and its first derivative are now subject to the boundary conditions:

FO) = fu, fO=1 f'(00) =0, (6)

where f,, = —a[vA(m + 1)/2]~Y/? will be referred to as the suction/injection parameter. Notice thatggn=
—sgn(a). In this way f,, = 0 corresponds to an impermeable wall, > 0 to suction (i.e.V,,(x) < 0) and
fw < 0 to lateral injection (i.eV,,(x) > 0) of the fluid through a permeable wall.

In addition to the velocity field, the following quantities will be of interest.

e The thickness of the boundary layér It is defined as the value of the coordinate for which
u(x,8)/(A-x™) = f'(ns) = 0.01 holds. Thus the dimensional thicknégs connected to its dimensionless
counterpart;s by the relationship:

ns = [(m + DA/ @2u)] 2. xm D25, )

e The entrainment velocity of the fluid:

TR f(00). ®)

v(x,00) = —[vA(m +1)/2]
e The relationship between the suction/injection velocity and entrainment:

v(x,00  fu
v(x,00)  f(00)

(9)

e The skin friction (wall shear stress) acting on the stretching surface in contact with the ambient fluid of
constant density:

T, = pvz—u(x, 0) = p[(m + HvA3/2]Y?. xBn=D/2. (). (10)
y

On the grounds of equations (8) and (10), the quantities

f(0)=fu and f"(0) = f, (11)

will be referred to as entrainment and skin friction parameter, respectively.
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3. Exact analytic solutions for f,, #£ 0
3.1. Thecase: =1

We start the discussion of the exactly solvable cases with a short review of the best known case,
corresponding to linear stretching of the wall. To our knowledge, the exact solution, which in the present
notation becomes:

1

f// [1 - exp(fu/J/ ' 77)]’ f/(ﬂ) = eXp(flL/ : ’7), (12)

fo)=fu-
with
1
=3+ (2 +9)". (13)

was first written down by Gupta and Gupta [8].

In this case the skin frictiom,, is always negative, regardless the sign/pf This means that the stretching
wall experiences a drag for any (finite) valuefyf. The drag only vanishes fgf, — —oo. For the impermeable
wall (f,, = 0), one obtainsf,) = —1 and one recovers the solution given first by Crane [16]. The shape of the
dimensionless velocity profilg’(n) at the wall is concave for any,, since heref”’(0) =1 — f,, - fi = fI?
holds. Taking into account that

1
oo = Jw T, = //’ 14
fo= 1 17 fw (14)

the entrainment velocity becomeéx, co) = (vA)Y2. f7.
The dimensionless thicknegs of the boundary layer is now given by the explicit expression:

1/2

ns = [(f2+4)""— f,] -In10. (15)

Hence, one may conclude that, as the paramgtesries from negative (injection) to positive (suction) values,
the entrainment parameték, increases, while the thickness of the boundary layer decreases monotonically,
according to the exact equations (13), (14) and (15). Except for the downstream valocity, all other
physical quantities are now independent of the wall coordinate

3.2. The casern = —1/3

After two successive integrations, equation (4) together with the boundary conditions (6) lead in this case to
the separable (Riccati-type) equation:

faaff=1e g (16)
and to the relationships
v=—f, and fo=(f2+2)"% (17)
Thus, the boundary value problem (4) and (6) admits an elementary solution again. It is:

foo - SINN(foo - 1/2) + fu - COSH fo - 1/2)
fw : Sinr(foo : 7’/2) + foo . COSI’(foo : 7’/2)

J) = foo (18)
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The dimensionless downstream velocity is given by:

' = F2 - [fu - SINNfog - 1/2) + foo - COSH fio - 1/2)] . (19)

Therefore, the stretching surface experiences in this case a negative skin friction (i.e. a viscous drag) for
fw > 0 (suction), and a positive one (i.e. a viscous driving force)ffp< O (injection). In the impermeable
case(f, = 0) no viscous shear acts between the stretching surface and the induced motion of the fluid.
The entrainment parametgk, reaches here its smallest valu¢,.)min = 21/2. Concerning the shape of the
dimensionless velocity profilg’(n) at the wall, equations (4) and (17) imp}y”’(0) = f2 — 1. Therefore, as

fw» decreases from-oo to —oo, the shape off’(n) at the wall changes from concave to convex as the value
fw=1isreached. For + f, > —1 the shape at the wall is still convex and fy < —1 becomes concave

again figure 1. As one switches from suctiofy,, > 0) to injection ( f,, < 0), which implies a change from
negative to positive skin friction, in the velocity profiles a maximum may be observed. This maximum

=148 (20)

is located at

1
w=7—muﬂm«m+ﬁ» (21)

0 1 2 3 e n

Figure 1. Profiles of the dimensionless downstream velogftyn) for m = —1/3 as plotted againsj for different values of the suction/injection
parameterf,,. The dots indicate the velocity maxima occurring fiar < 0. Their coordinatesn.., f,) are given by equations (21) and (20). The largest
value ofn* is reached forf,, = —2.133 and amounts tg5, = 0.937.
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Figure 2. The dimensionless thicknegg of the boundary layer fom = —1/3 as plotted against the suction/injection paraméter The maximum
ns.max=4.542 is reached fof,, = —0.617.

One immediately sees that fgy, — —oo, f, — +o0 asf2/2, whilen* goes slowly to zero as(® | £,,1) /| fu |,
i.e. f! returns to its initial locatiom* = 0 corresponding tof,, = 0. The largest value of* is reached for
fw=—2.133 and is equal tg} = 0.937, figure 1

The dimensionless thickness of the boundary layer is given again by an explicit formula:

2 10 foo + (100f2 — 2)1/2
ns=—"-1In )

" feo fw+ foo

The thickness of the boundary layer goes in this case to zero for fjpoth +co and reaches a maximum
in between,(n5)max = 4.542 for f,, = —0.617. This behavior is illustrated ifigure 2 which also shows
the existence of two boundary-layers of the same thickngss (ns)max Which correspond to two different
values f,,1 » of the suction/injection parameter so thgh < —0.617 < f,». As an illustration, infigure 3the
dimensionless velocity profiles of two boundary layers of thickngss 4, corresponding tg,,; = —2.513
and f,,» = 0.577 are shown.

It is worthwhile to mention that forf,, = 0 in equations (18) one immediately recovers the well known
Schlichting—Bickley-type free-jet solutiofi(n) = 22 - tanh(n/2/?) as reported in [4] and [6].

(22)

3.3. The case: =—1/2

We start the investigation of the came= —1/2 with the integral equation:

4(2m +1)

" 2 1 2
2f - f" 4 2f7 f = P =

[ rrrman=o, (23)

Ui
which is obtained by integration of equation (4) after multiplication ), by taking into account that
f'(00) = 0 and by assuming that”(oco) = 0. By substitutingn = 0 in (23), one immediately recovers the
result of Banks [4] which states that along the impermeafije= 0) stretching wall no similar boundary flow
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0 1 2 3 4 5 6 77
Figure 3. Dimensionless downstream velocity profiles of the boundary layers of thickpess4, corresponding (in the case = —1/3) to
fw1=—2513 andf,,» = 0.577, respectively.

satisfying the boundary conditions (6) exists-l < m < —1/2. One sees however that, if a lateral mass flux
is present f,, # 0), the existence of such a boundary layerfdr < m < —1/2, may no longer be excluded on
the grounds of equation (23). In particular, far= —1/2 equation (23) reduces to:

2f - f"+2f%- f' = f*=0. (24)
Thus, with the aid of the boundary conditions (6) one immediately obtains:

" __ 1_2fu%
fw_ﬁ‘ (25)

As it will be shown below, only positive values gf, are allowed in equation (25). For this reason, the
boundary layer cotarresponding to the parameter values—1/2 and f,, > 0, will be referred to hereafter
as being a ‘suction-generated’ flow. From equations (4), (6) and (25) one obtains for the curvature of the
dimensionless velocity profilg’(n) at the wall: f”/(0) = f2 — 5/2.

In order to obtain the solution which describes the suction-generated boundary layer, one has now to solve
instead of (4), the second order equation (24) with the boundary conditions (6). Fortunately, equation (24)
admits an integrating factor so that it may be transcribed in the form

f—3/2 . (2f . f// + 2f2 X f/ _ f/Z) — 2(f—1/2 X f/ + 2f3/2/3)/ —o.
Thus, f~Y2. '+ 2£%?/3 = constant and, by taking into account the boundary conditions (6), one gets:

2
f'=3fa(W =W, (26)
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where
1/2
W=W) = {Q] 27)
and
fro=2723 13 (22 4 3)%, (28)

Hence, equation (26) determines the dimensionless velocity prgfilas an explicit function of the
dimensionless stream functigh and the suction parametef,. The functional dependences= f(n) and
W = W (n) should then result by further integration of (26). After some calculus one obtain®tkatV ()
satisfies the transcendental equation

1 F(Wop)
”‘E"”[F(W)}’ )
where
FW)=(@1-W)(1+W+w?) . exp[—3l/ 2. arctar(%ﬂ (30)
and
C(faN\TE 2f2 NP
W°‘(fTo) _(2f£+3) ' o

For n — oo, according to (27) and (30) one h#s — 1 and F(W) — 0, which, according to (29) requires
f > 0. Thus, equation (28) requirg’, > 0, as anticipated above.

The transcendental equation (29) can be inverte® te W () numerically as well as analytically (for the
analytical procedure see the Appendix). By performing this operation, the velocity pfafile results then
from (26) for any givenf,, > 0 explicitly. The curves ofigure 4have been obtained by plotting the implicit
function (29). The main characteristics of the velocity profiles showfigire 4can be easily extracted from
the above equations. First of all, equations (25) #d0) = f2 — 5/2 show that by switching on a massive
suction( f,, > 1) the skin friction parametey,’, i.e. the slope at the wall of the main velocity profile of the
induced downstream flow is negative and its shape is congdisf)) > 0. The skin friction is also negative,

i.e. the stretching wall experiences a (considerable) drag. This situation persists down to thg, valpe'/?,

except for the fact that for & £, < (5/2)Y/? the shape of the velocity profile at the wall has changed from
concave to convex, by passing through= (5/2)%/2 which is a shape with vanishing curvature. As= 2-1/2

is reached, the skin friction becomes zero, i.e. the drag vanishes. The entrainment parameter reaches here its
minimum value,( fx)min = 2°°. Below the threshold valug,, = 2-1/2 corresponding to the zero-drag profile

(where the shape at the wall still remains convex), the slgpef the velocity profile and thus also the skin

friction, become positive. Hence, the steady wall experiences a viscous driving force ffy & 2-1/2. In the
parameter range @ f,, < 2-'/2 the change to a positive skin friction is accompanied by the occurrence of a
maximum in the profile of the downstream velocify(n). As f,, decreases from2/? to zero, the maximum

fmax= f'(n*) increases from 1 to infinity according to

Frax =273 f2 =273 £7 (27243, (32)
while its locusn = n* returns ton* = 0 according to
1 F(Wp)
= —In|——+ 1, 33
T {F<2—2/3)] (33)
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Figure 4. Profiles of the dimensionless downstream velogityn) for m = —1/2 as plotted againsj for different values of the suction parameter
fw > 0. The dots indicate the velocity maxima occurring foe ¢f,, < 2=1Y2_ Their coordinatess, f1) are given by equations (33) and (32). The
largest value ofy* is reached forf,, = 0.126 and amounts tgf,5, = 0.521.

by reaching forf,, = 0.126027 the maximum deviatiof},,, = 0.520646 from thef’ axis. This dependence of
n* on f, is also shown irfigure 4

The dimensionless thicknegs of the boundary layer is now given by:

1 F(Wy)
s A F(Wy) (34)
where, according to (26),
Wy — Ws +0.015- f,2=0. (35)

This equation has for any, > 0 two complex and two real and positive roots. Taking into account that the
smallest value off,, (which is reached forf,, = 2-/2) amounts to 2° = 1.78, the largest value of the free
terme = 0.015- 2 in (35) is 472- 10-3. Thus, the real roots of (35) can be approximated to high accuracy
by Ws1 =1—¢/3 andW;, = ¢. In the present context, the physical solution is the first one, i.e.:

W5 =1—0.005. f 2. (36)

In this way, one immediately obtains fgf the approximation:

1
W= gy 2003212 - F(Wo) explr -3 47 (37)

Table lillustrates the performance of the approximation formula (36) compared to the corresponding numerical
solution of equation (35), as well as the performance of (37) and (A.10) compared to the exact result (34)
for ns. As f, decreases fromoo to O, the thickness of the boundary layer increases from zero to the
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Table I. Exact and approximate values Wf; andng for different values offy,.

Jw Ws 15
Equation (35);  Equation (36); Equations (34), (35);  Equation (37);  Equation (A.10);
‘Exact’ Approximate ‘Exact’ Approximate Approximate
0.1 0.999377 0.999378 2.917464 2.918123 2.917463
0.5 0.998502 0.998506 3.459076 3.461534 3.459068
1 0.998522 0.998526 2.969126 2.971534 2.969118
25 0.999399 0.999399 1.668995 1.669620 1.668994
5 0.999815 0.999815 0.897008 0.897115 0.897008
s
3.5
3
2.5
2
1.5
1
0.5
0
0 5 10 15 20 f w

Figure 5. The dimensionless thicknesg of the boundary layer form = —1/2 as plotted against the suction paramefgr> 0. The maximum
ns,max= 3.485 is reached fof;, = 0.407.

maximum value(ns)max = 3.484820 which is attained fof,, = 0.406634 and then decreases, approaching
zero asf,, — 0. This behavior is illustrated ifigure 5 which shows again the existence of boundary-layers
of the same thicknesg < (15)max cOrresponding to two different valug$,; » of the suction parameter so that
0 < fu1 <0.406634< f,>.

4. Comparison with earlier analytical approximations

The aim of the present section is to compare the exact analytic solutions corresponding to the stretching
exponentsn = 1, m = —1/3 andm = —1/2 with the results of the analytical approximations reported recently
by Chaudhary et al. [12] in connection with the boundary-layer flows adjacent to vertical permeable surfaces
in saturated porous media.

The physical problem investigated in [12] reduces to the two-point boundary value problem:

f"H+m+0f f'—2m- f?=0, (38a)

f(0) =—y, f0=1, f'(00) =0, (38b)

where to the dimensionless stream functipnthe similarity variablen and to the power-law exponent of
reference [12] a ‘tilde’ has now been added.
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In spite of their different physical origin, the boundary value problems, (4) and (6) and (38a), (38b), are
mathematically equivalent. Indeed, it is easy to show that these problems may be mapped to each other by the
simple scaling relationships:

m=m, n=A+mY2 5, f)=A+m fG),

N 39
fo=—A4+m?.y and f"(0)=@+m) > f(0). =

In this way, form = 1 the exact solution of the boundary value problem (38a), (38b), as obtained from (12),
(13) and (39) reads:

~ 1 rn
fa)=-y - 0 [1—exp(f"(0)-0)], (40)
@ =exp(f"0)-7), (41)
with
O =y —(*+2) = fw. (42)

The family of curves obtained by numerical integration of (38a), (38b) and shown in figure 4b of reference [12]
is just the plot of the exact solution (41), (42) fer=0, 4, 8 and 12.

In figure 7b of reference [12], also obtained by numerical integration of (38a), (38b), one immediately
recovers " as plotted againgt according to (42).

The quantities:

~ 2 ~
f'O=3r. fu= (y2+3)"? valid form = —1/3, (43)

2
- -1 -
Fro=t"= f.=yY3. (42+3)%° validform=—1/2, (44)

may be compared with reference [12] for= —1 only. The corresponding points can be recovered in figures

3a and 3b of reference [12] with a good precision.

For the case of massive suctigyy < 0, |y| — oo) and anym > —1, according equation (29c) of
reference [12], holds:

3m+1
2(1+m)2-y2 +
Itis now easy to see that fer = 1 this approximation formula is just the series expansioyi ‘6fiven by (42).
The salient feature of the approximation formula ([12], 29c¢) is thatsice —1/3 it reproduces the exact
result (43) to leading order in, whereas foin = —1/2 it yields the exact result (44) by its first two terms.
This means that fom = —1/3, in equation (29c) of reference [12] the entire square bracket, except for its first
term, and forn = —1/2 all its terms beyond the first two, should supply an identically vanishing contribution.

Similarly to ([12], 29c¢), the approximation formula ([12], 35):

F(0) =—lyl(L+m)|1+

Froy= 172y <1+a)<12—2a> L
14 2y

which should hold for the case of a massive injectignr;> co and for anye = (1—m)/(1+m) andm > —1/2,
represents fom = 1 (i.e.« = 0) the series expansion of the exact result given by (42)ufer—1/3, however,
([12], 35) deviates from the exact result (43) substantially.
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Finally, it is worthwhile to mention that the limiting case — oo of the power-law models corresponds
to the case of the boundary-layer flows induced by exponentially stretching suffaels Thus, in the
approximation formula ([12], 39) one immediately recovers the skin friction paramete281808 of the
exponential stretchinfR, 4] to excellent accuracy.

5. Summary and conclusions

In the present paper, the two-dimensional boundary-layer flows induced by permeable stretching surfaces
have been considered. The exact analytic solutions corresponding to the stretching expoaehtsn =
—1/3 andm = —1/2 have been derived. The mechanical characteristics of these boundary layers, described by
their (dimensionless) thickness, skin friction parameterf, and entrainment parametgy, (as functions of
the suction/injection parametgj,) have been examined in detail. The main physical results of the paper may
be summarized as follows.

1. Form =1, asf,, varies from negative (injection) to positive (suction) values, the entrainment parameter
fe Increases, while the thickness of the boundary layer decreases monotonically. The skindgidion
always negative, regardless the sign/pf This means that the stretching wall experiences a viscous drag
for any finite f,,.

2. Form = —1/3, the stretching surface experiences a negative skin friction (i.e. a viscous drag)=fdd
(suction), and a positive one (i.e. a viscous driving force) for< 0 (injection). In the impermeable
case( f, = 0) no viscous shear acts between the stretching surface and the induced motion of the (no
slip) fluid. Simultaneously with the change from negative to positive skin friction, in the profiles of the
downstream velocity a maximum occufig(re 1). The trajectory described by this maximumsgsvaries
from 0 to —oo is marked infigure 1by dots. During the variation of,, from +oc to —oo, the thickness
of the boundary layer increases from zero to a maximum véjginax = 4.542 which is reached for
fw = —0.616 and goes then to zero again. This behavior is illustratdigiime 2 which also shows the
existence of two boundary-layers of the same thickmgss (175)max corresponding to two different values
of the suction/injection parametgy, (see alsdigure 3.

It is worthwhile to mention here that the dragless motion does not mean that fo0 the fluid separates

from the stretching wall, since in the case of the boundary layers on moving surfaces egyé@tjos O is

not sufficient for the determination of the separation point. Instead, the so called MRS-criterion (Moore—

Rott—Sears-criterion) applies here (see reference [14, p. 317]). According to the MRS-criterion, the

separation occurs in that point of the boundary layer where (in the present notations) both equations
f'(m) = f"(n) = 0 are satisfied. Obviously, in the cases discussed here,1o0 satisfying both of

these equations exists.

3. The casen = —1/2 shows a qualitative resemblance with the case —1/3 (compardigures land?2
to figures 4and 5, respectively), with the essential difference that this similarity flow only exists if
suction( f,, > 0) is present and it disappears as the suction is switched off. The dragless mgptied)
corresponds in this case to the valfie= 2-1/2 of the suction parameter. The exact solution is obtained
for m = —1/2 in the implicit form (29), which (as shown in the Appendix) may be inverted by a Lagrange-
expansion to an explicit form.

4. All the exact solutions presented above showsfes oo an exponential decay of the form:

F) = foom fﬁe—fw",

o0

whereB is a function off,, (form =1, B =1).
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Table Il. The zerofy, = flg of the skin friction parametey;,
minimizes the entrainment parametgyg,.

m 19 foo (foo)min
1 - $Lfw+ (2 +HY2 0
-1/3 0 (f2 +2)1/2 21/2

—1/2 2—1/2 2—2/3f];1/3(2f£ +3)2/3 25/6

5. A further remarkable feature of the boundary-layer flows discussed is that the yalwe# the
suction/injection parametey,, for which the skin friction parametey, vanishes, minimizes the
entrainment parametef,,. In other words, the dragless motion of the fluid always corresponds to the
smallest possible entrainment. This circumstance (which is presumably valid forhrym < 1) is
summarized fom =1, m = —1/3 andm = —1/2 intable Il.

6. The exact solutions fon =1, m = —1/3 andm = —1/2 also reveal some interesting features of the
analytical approximations of other authors, reported recently in connection with the boundary-layer flows
in saturated porous media [12].

Appendix
The analytical inversion of the transcendental equation (29 te W (n) can be accomplished as follows.
If
y=a+b-G(y), (A.1)

wheregG is a function ofy which is analytic fory = a, anda andb are independent of, the solution of this
implicit equation is given by the Lagrange expansion [17]:

n—1 n

X 7d b
y=a+ Zl [ dzHG"(z)} i (A.2)

i=a

The Lagrange-expansion of an arbitrary functiba= @ (y) of this y reads then [17]:

®(y) = d>(a)+z{jnn 11{ G'(2) - dCD(Z)HZ—a i' (A.3)
Our equation (29) may be put in the form (A.1) with= W, a =1,
b=exp(— fx - 1), (A.4)
and
GW)=—F(Wp) - (1+ W+ W2)1/2exp{31/2 -arcta %)} . (A.5)

Thus, the Lagrange-expansionsWf= W (n) and f' = f'(n) are:

—n-foo'n
W(n) = 1+Z([d — G”(z)] ‘ n! ) (A.6)

z=1
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J”(n)—— Z({j; 11 1—4z3)G"(z)]} %) (A.7)

z=1

Forn > 1, these expansions converge rapidly. In the approximation of first order we obtain:

[l =2-3Y2. f2 . F(Wp)- exp(31/2 foo-n). (A.8)

According to the definitionf’(n;) = 0.01, we get thus for the dimensionless thickness of the boundary layer,
in the approximation of first order:

Ns = Ns1 = fi -In [200- 31/2]%20 . F(WO) exp(n : 3_1/2)]’ (A_9)

o0

which coincides exactly with the expression (37) obtained by algebraic approximation. The second order
approximation of (A.7) yields for; the expression:

1 3 \"*1 In2

The performance of (A.10) compared to (A.9) and to the exact result (34) is shaalolénl.
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